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Fig. 3 Comparison of theory and experiment: helium, /Vf7 = 11.3,
r = 0.883.

lowest wall temperature ratio, 7^/7^ = 0.40, the agreement
between Eq. (12) and experiment is excellent. In this case the
data fall well below the Van Driest II result. At the higher wall
temperatures, the data fall between Eq. (12) and Van Driest
II. However, at the higher Reynolds numbers, where any
error in the virtual origin has the least effect, Eq. (12) agrees
best with the data.
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Effect of Frequency in Unsteady
Transonic Flow

Donald P. Rizzetta* and Wilson C. Chin*
The Boeing Company, Seattle, Wash.

Introduction

A CHARACTERISTIC of transonic unsteady flows is the
potentially large phase lag between boundary motion

and induced surface pressure. Moreover, net force coef-
ficients generally exceed those in subsonic and supersonic
speed regimes. These effects tend to increase the likelihood of
aeroelastic instabilities, making transonic speeds most critical
for aircraft flutter. In this Note the effects of frequency are
systematically considered within the framework of transonic
small-disturbance theory for three different configurations:
airfoil pitching oscillation, trailing edge flap oscillation, and
impulsive change to angle of attack. An approximate fac-
torization method applicable to general unsteady motions is
devised to study the net lift and moment coefficients for the
NACA 64A010 airfoil section, at Mach 0.82 and for three
reduced frequencies, namely, 0.05, 0.5, and 5.0. The results
are then compared against those obtained in the low-
frequency approximation.

Generally speaking, small surface motions can induce large
changes in aerodynamic loading, as well as large increments in
shock excursion. These considerations arise from the inherent
nonlinearity of the mathematical problem. Thus, in the
numerical sense, direct time integration, which does not bear
the limiting restriction to "frozen" shock movements, typical
of linearized approaches, must be used. In the low-frequency
approximation, solutions to the transonic small-disturbance
equation, along these lines, simulate well the expected flow
nonlinearity, including irregular shockwave motions.!"3 These
results compare well with those obtained from the unsteady
Euler equations and are in good agreement with experiment.
However, the restriction to low frequencies may, in practice,
be severe; more rapid oscillations, as well as unsteady gust
loadings, are excluded from consideration. The essential loss
is that in phase-shift information and it is remedied by
retaining in the governing equations the high-frequency
terms. This forms the substance of the numerical algorithm
discussed in this Note. Of course, the extent to which the low-
frequency approximation holds is also of fundamental in-
terest, and comparisons are given for this purpose. This is
obviously important in assessing the effect of frequency on
transonic phase shifts and bears practical significance on
direct aeroelastic applications.
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Numerical Procedure
We consider the nondimensional equation:

(1)

where </> is a disturbance velocity potential normalized by
cU^b2'3, c being the chord, U^ the freestream speed at in-
finity, and <5 the maximum thickness-to-chord ratio. Let o> be
an oscillation frequency and define a reduced frequency by
k = uc/U<ys. If M^ is the freestream Mach number, the
coefficients appearing in Eq. (1) are A=k2M2

x/d2/3,
B = kM2

00/d2/3 andC=(l-Mi)/<5 2 / 5-(7+l)Mi</>£, where
7 is the ratio of specific heats, nondimensional coordinates
having been assumed in the form T=Ucxkt/c, £=x/c, and
rj = d1/3y/ct x,y, and t being streamwise, transverse, and time
variables. For small k, A vanishes, and Eq. (1) leads to the
low-frequency approximation. In general, Eq. (1) is solved
together with </>,,(£, O^r) =ff +akff along the chord
0<£<1, where f± is an instantaneous airfoil displacement
normalized by 6, with a = 0 in the low-frequency limit and
a=l in the general case. In addition, pressure continuity is
enforced across the wake aft of the trailing edge, and
disturbance velocities are assumed to vanish at infinity. The
unsteady pressure coefficient is evaluated from Cp = —

Solutions to Eq. (1) were obtained by a noniterative
alternating-direction-implicit (ADI) scheme used to advance
the solution for 0 at each meshpoint from time level tn to time
level tn + 1 through the following sequential procedure:

£-sweep: — (2a)

r/-sweep:

0 5 1 0 1 5 2 0 2 5

Fig. 1 Pitch oscillations (see Fig. 2 for a history), GTRAN2-
LTRAN2——.

Ar
(2b)

where g=I/2(Cn4>^ + (1 -Afi).0jf/62/J). This decomposition
is a consistent approximate factorization of Eq. (1) accurate
to 0(Ar). In the low-frequency limit, it reduces to the
LTRAN2 algorithm described in Ref. 1, the latter method
being second-order accurate in time and unconditionally
stable on a von Neumann basis.2 For general unsteady
motions, the present scheme, GTRAN2, while not un-
conditionally stable, appears to be quite reliable, and in-
stabilities were not observed in the current run portfolio. Note
that d^ denotes the central difference operator, 6^ the
backward difference streamwise operator, and D^ the mixed
difference operator discussed in Ref. 1. Details related to the
implementation of tangency, wake, and farfield conditions,
as well as those for correct shock capture, for brevity, will not
be referenced here, these being straightforward modifications
to LTRAN2.

Results
Comparisons of low- and general-frequency solutions to

Eq. (1) for the NACA 64AGIO airfoil section were made at
Mach 0.82 for three types of unsteady motions: airfoil pit-
ching oscillation, trailing edge flap oscillation, and impulsive
change in angle of attack. All time integrations were initiated
at T = 0 with a </> distribution corresponding to the steady-state
solution. In these comparisons, all solutions were obtained
using identical spatial mesh distributions and spatial dif-
ferencing; in addition, the time step sizes in GTRAN2 and
LTRAN2 were chosen so that ArG=Ar£, making the trun-
cation errors formally of the same order. Generated solutions
used 360 time steps for GTRAN2 and 48 time steps for
LTRAN2 per period of oscillation at any reduced frequency.
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Fig. 2 Flap oscillations, GTRAN2——, LTRAN2—-.
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Fig. 3 Impulsive change in angle of attack.

Concluding Remarks
An ADI scheme for general unsteady motions is developed

requiring only simple modifications to LTRAN2. Computed
results for three different problems indicate the importance of
the unsteady terms in high-frequency and gustlike motions.
For the cases considered, good agreement was found for low
reduced frequencies. For these problems, LTRAN2 is more
cost efficient.
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Results obtained using both larger and smaller AT increments
indicated that these choices adequately insured numerical
accuracy. A nonuniform computational mesh consisting of
113 £ and 97 r\ points, with 48 points lying over the chord was
used. Minimum grid spacings were A£ = 0.0025 and AT; = 0.01
with the computation box defined by 200.0 > l£ I and
397.8> I r j l .

Oscillation cases were time integrated over four periods for
£ = 0.05, 0.5, and 5.0. Figure 1 compares low- and general-
frequency results for a a. — ± 1 deg airfoil pitching oscillation
about the midchord for the unsteady lift and pitching moment
coefficients (the moment is taken about the pitch point). At
k = 0.05, the results are similar except that peak CL's and
CM's are slightly overpredicted by the low-frequency ap-
proximation. With £ = 0.5, the results appear to agree in
phase, but amplitudes differ by about 30%. At £ = 5.0, a
phase difference of about 45 deg is observed in addition to
differences in predicted amplitude levels. As k increases, there
is a reduction in lift due to a decrease in the shock excursion;
the moment, however, remains high because of the shock
traversing the pitch point. Physical considerations suggest
that shock excursion amplitudes decrease with increasing k.
This is confirmed numerically in both models; decay rates in
LTRAN2, however, far exceed those observed in GTRAN2.
Figure 2 compares results for a a. = ± 1 deg trailing edge flap
oscillation about £ = 0.75. Results for £ = 0.05 are similar to
those for airfoil oscillation. For £ = 0.5, however, the low-
frequency result overpredicts the moment, unlike the airfoil
oscillation case. The lift and moment are substantially lower
for the flap oscillation than for the airfoil oscillation case due
to the presence of a shock lying upstream of the unsteady
disturbance. Finally, we considered impulsive changes in
angle of attack from 0-1 deg. The time response to such a step
change is often used in modeling gusts or for performing
aeroelastic calculations by the indicial method.3 Time
histories for the lift and moment taken about midchord
appear in Fig. 3 where £=1.0. For small time, the general-
frequency solution shows an abrupt increase in both CL and
CM. This agrees qualitatively with solutions of the Euler
equations4; however, this is not obtained in the low-frequency
approximation. Apparently the high-frequency components
of the unsteady disturbance are critical during this transient
period. Both solutions however tend to the same asymptote.

Transport Physics and
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FLUID dynamic computations of continuum flows are
usually based on the hypothesis that the molecular

dynamics are in equilibrium with the local macroscopic
flowfield state.1'2 Within this framework, determination of
the analytical form of the stress tensor and transport coef-
ficients (for sufficiently dilute media) traditionally relies on
Chapman-Enskog solutions to the Boltzmann equation.3

These relate the transport coefficients to local thermodynamic
variables and provide linear algebraic relationships between
transport fluxes and the spatial gradients of relevant
macroscopic flowfield variables.4 Higher order transport
effects5"7 that modify linear algebraic theory have not
received much attention in continuum flows, inasmuch as the
required flowfield time constant becomes significantly smaller
than that which is generally established. However, various
solutions of Boltzmann's equation in rarefied gases6

inherently include nonequilibrium effects that are confirmed
experimentally.

Results of computations carried out utilizing gradient
transport modeling have been verified for a wide range of
conditions and are generally accepted. There are, however,
mathematical consequences peculiar to the use of these dif-
fusive models. Of primary importance are the infinite
"signal" propagation speed and the associated asymptotic
nature of solutions to the resultant conservation relations.

Received Nov. 2, 1978; revision received Feb. 20, 1979. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1979.
All rights reserved.

Index categories: Supersonic and Hypersonic Flow, Boundary
Layers and Convective Heat Transfer—Laminar, Rarefied Flows.

'Manager of Research, Subsidiary of Research-Cottrell. Member
AIAA.


